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NEW EXAMPLES OF STABLY ERGODIC
DIFFEOMORPHISMS IN DIMENSION 3
GABRIEL NU´N˜EZ, DAVI OBATA, AND JANA RODRIGUEZ HERTZ
Abstract. We prove that in the isotopy class of any volume preserving
partially hyperbolic diffeomorphism in a 3-dimensional manifold, there
is a non-partially hyperbolic stably ergodic diffeomorphism. In par-
ticular, we provide new examples of stably ergodic diffeomorphisms in
3-dimensional manifolds with respect to a smooth volume measure.
1. Introduction
Let M be a closed compact manifold and let m be a smooth probability
measure on M . A diffeomorphism f : M →M that preserves the measure m
is ergodic if any measurable set B such that f(B) = B verifies m(B) = 0 or
1. Ergodicity means that from the point of view of the measure the system
cannot be decomposed into smaller invariant pieces.
Denote by Diffrm(M) the space of C
r-diffeomorphisms of M that preserves
the measurem. We say that a diffeomorphism f ∈ Diff1m(M) is stably ergodic
if there exists a C1-neighborhood U of f such that any diffeomorphism
g ∈ U ∩ Diff2m(M) is ergodic. (With this definition, f could be stably
ergodic but not ergodic. However, the generic stably ergodic diffeomorphism
will be ergodic, since ergodicity is a Gδ-property and Diff
2
m(M) is dense
in Diff1m(M)[Avi10]) It is a natural problem to understand when such a
property holds.
In 1969, Anosov proved in [Ano69] that every uniformly hyperbolic (or
Anosov), volume preserving C2-diffeomorphism is ergodic. Since uniform
hyperbolicity is a C1-open property, it implies that uniformly hyperbolic
systems are stably ergodic. This was the first example of a stably ergodic sys-
tem. Anosov’s proof is based on an argument introduced by Hopf in [Hop39]
to prove the ergodicity of the Liouville measure for the geodesic flow of com-
pact surfaces with constant negative curvature. The key property needed to
adapt Hopf argument for uniformly hyperbolic C2-diffeomorphisms was the
absolute continuity of the stable and unstable foliations which was proved
by Anosov and Sinai in [AS67]. It is not known if every Anosov, volume
preserving C1-diffeomorphism is ergodic.
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For many years this was the only known example of a stably ergodic sys-
tem. It was only in 1994 that Grayson, Pugh and Shub proved in [GPS94]
that the time one map of the geodesic flow of a surface of constant neg-
ative curvature is stably ergodic for the Liouville measure. The time one
map of the flow mentioned above has a type of hyperbolicity called partial
hyperbolicity.
A diffeomorphism f : M →M is partially hyperbolic if there exists a Df -
invariant decomposition of the tangent bundle TM = Euu ⊕ Ec ⊕ Ess such
that: the directions Ess and Euu are nontrivial; the direction Ess contracts
uniformly and the direction Euu expands uniformly under the action of Df ;
the behavior of Ec is dominated by the hyperbolic directions (see Section
2).
Based on the proof of stable ergodicity in [GPS94], Pugh and Shub conjec-
tured in [PS96] that stable ergodicity is Cr-dense among volume preserving
Cr-partially hyperbolic diffeomorphisms. Since then, this conjecture has
motivated many works on this topic. Indeed, most works on stable ergodic-
ity have been done in the partially hyperbolic scenario.
There are several cases in which Pugh-Shub’s conjecture has been proved.
In [HHU08], it was proved for r = ∞ among partially hyperbolic systems
with one dimensional center; in [HHTU11], it was proved for r = 1 among
systems with two dimensional center; and in [ACW20] also for r = 1 but
among all partially hyperbolic systems. We remark that there are several
other works regarding stable ergodicity for partially hyperbolic systems.
The picture is much more incomplete outside the partially hyperbolic
setting. In 2004, Tahzibi obtained in [Tah04] the first example of a stably
ergodic system having no hyperbolic direction. There are some recent works
by the authors in [NnRH20, Oba19], where they obtain results on stable
ergodicity for non partially hyperbolic systems with some assumptions such
as minimality of the strong unstable foliation, or chain hyperbolicity.
In 2012, the third author proposed the first author the following problem:
Conjecture 1.1. [NnRH20] Generically in Diff1m(M), either all Lyapunov
exponents are zero, or f is stably ergodic and stably non-uniformly hyper-
bolic.
(The problem was stated for 3-manifolds, as Theorem 2.4 was only known
to hold in this setting back then.)
We remark that all the known examples of stably ergodic systems that are
not partially hyperbolic are isotopic to certain types of linear Anosov diffeo-
morphisms. These types of examples were first introduced by Bonatti and
Viana in [BV00], where they proved that they are robustly transitive, and
later Tahzibi proved the stable ergodicity in [Tah04]. They are deformations
of certain Anosov systems inside some fixed small balls in the manifold. In
particular, all of such examples are on the torus.
In this work we give new examples of stably ergodic systems that are not
partially hyperbolic on 3-manifolds. Our main result is the following:
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Theorem A. In the isotopy class of any volume preserving partially hyper-
bolic diffeomorphism of a 3-dimensional manifold there is a stably ergodic
diffeomorphism which is not partially hyperbolic.
We remark that if f is a stably ergodic diffeomorphism of a 3-manifold,
then it preserves a dominated splitting of the two types of dominated split-
ting TM = Euu⊕Ecs or TM = Ecu⊕Ess, where the direcion Ess and Euu
are uniformly contracting/expanding, respectively.
In order to prove Theorem A, we will prove the density of stable ergodicity
inside a certain class of diffeomorphisms of 3-dimensional manifolds. In what
follows, we refer the reader to Section 2 for the definitions of some basic
dynamical objects that will appear.
Let V ⊂ Diff1m(M) be the C1-open set of diffeomorphisms f satisfying:
(1) f has a dominated splitting of the form TM = Euuf ⊕ Ecsf , where
Euu is one-dimensional
(2) there exists a hyperbolic periodic point pf of stable index 2 and an
open set Uf 3 pf such that the local unstable manifold of each point
in Uf transversely intersect the local stable manifold of pf . Uf also
satisfies:
(3) the maximal invariant set Λf =
⋂
n∈Z f
n(M \Uf ) is partially hyper-
bolic. Λf could be empty.
Theorem B. There exists a C1-dense set D in V ∩Diff2m(M) such that any
f ∈ D is stably ergodic.
In the setting of Theorem B there is only one hyperbolic direction and
the usual strategy that is applied for partially hyperbolic systems does not
apply.
This work is organized as follows. In Section 2 we recall all the results we
will use in the proof of Theorem B. Then in Section 3 we prove Theorem B.
In Section 4 we prove Theorem A by explaining how to deform any partially
hyperbolic system to get in the setting of Theorem B. At last, in Section
5 we make some final remarks and make explicit new classes of examples
which were not known before.
2. Preliminaries
We will say that a diffeomorphism f ∈ Diff1m(M) admits a dominated
splitting TM = F ⊕ E if both E and F are Df -invariant subbundles, and
there exists a Riemannian metric such that for every x ∈ M and vF ∈ F ,
vE ∈ E unit vectors, we have
||Df(x)vE || ≤ 1
2
||Df(x)vF ||
Remark 2.1. It can easily be shown that if dimF = 1, then F is a uniformly
expanding bundle.
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A point p is periodic if there exists l ∈ N such that f l(p) = p. The
smallest natural number that verifies f l(p) = p is called the period of p and
we denote it by per(p). A periodic point is hyperbolic if all the eigenvalues of
Dfper(p)(p) : TpM → TpM have absolute value different than 1. The stable
manifold of p is defined by
W s(p, f) := {x ∈M : lim
n→+∞ d(f
n(x), fn(p)) = 0}.
By the Stable manifold Theorem, if p is a hyperbolic periodic point then
W s(p, f) is a C1-immersed submanifold. One defines the unstable manifold
of p in a similar way but considering past iterates of f , and denote it by
W u(p, f). We write PerH(f) as the set of hyperbolic periodic points of f .
We say that a number λ ∈ R is a Lyapunov exponent for the point x ∈M
and vector v ∈ TxM if
λ(x, v) := lim
n→+∞
1
n
log ‖Dfn(x)v‖ = λ.
Oseldets’ theorem states that for m-almost every point x, there exist k(x)
different Lyapunov exponents λ1(x) > · · · > λk(x)(x), where 1 ≤ k(x) ≤
dim(M), and a Df -invariant decomposition (called the Oseledets decompo-
sition)
TxM = E
1
x ⊕ · · · ⊕ Ek(x)x
such that λi(x) = λ(x, vi), for any non-zero vector vi ∈ Eix with i =
1, · · · , k(x). For m-almost every point x we consider the decomposition
TxM = E
+
x ⊕ E0x ⊕ E−x ,
such that λ(x, v−) < 0 for v− ∈ E−x /{0}; λ(x, v0) = 0 for v0 ∈ E0x/{0}; and
λ(x, v+) > 0 for v+ ∈ E+x /{0}.
Consider the sets
W−(x, f) := {y ∈M : lim supn→+∞ 1n log d(fn(x), fn(y)) < 0},
W+(x, f) := {y ∈M : lim supn→+∞ 1n log d(f−n(x), f−n(y) < 0}.
In [Pes77], Pesin proved that if f is C2 then for m-almost every x the sets
W−(x) and W+(x) are C1-immersed submanifolds of M .
Following [HHTU11], given a hyperbolic periodic point p ∈M , we define
its stable Pesin homoclinic class by
(2.1) Phc−(p) = {x : W−(x, f) tW u(o(p), f) 6= ∅}
where W u(o(p)) is the union of the unstable manifolds of fk(p), for all
k = 0, . . . ,per(p) − 1. Phc−(p) is invariant and saturated by W−-leaves.
Analogously, we define
(2.2) Phc+(p) = {x : W+(x, f) tW s(o(p), f) 6= ∅}
Let us denote by Nuh(f) the set of points x ∈ M such that all Lyapunov
exponents in x are different from zero.
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Theorem 2.2 (Theorem A, [HHTU11]). Let f : M →M be a C2-diffeomorphism
over a closed connected Riemannian manifold M , let m be a smooth invari-
ant measure and p ∈ PerH(f). If m(Phc+(p)) > 0 and m(Phc−(p)) > 0,
then
(1) Phc+(p) $ Phc−(p) $ Phc(p).
(2) m|Phc(p) is ergodic.
(3) Phc(p) ⊂ Nuh(f).
The notation A
◦
= B means m(A4B) = 0, where A4B is the symmet-
ric difference between the sets A and B. Recall that a residual subset of
Diff1m(M) is a set that contains a C
1-dense Gδ subset of Diff
1
m(M).
Theorem 2.3. [AB12] There exists a residual subset R of Diff1m(M) such
that for f ∈ R, if m(Nuh(f)) > 0 then there exists a hyperbolic periodic
point q such that
Phc(q) $ Nuh(f)
and m|Nuh(f) is f -ergodic.
Theorem 2.4. [Her12] Let M be a closed connected manifold of dimension
3, then there exists R ⊂ Diff1m(M) a residual set such that every f ∈ R
satisfies one of the following alternatives:
• All Lyapunov exponents of f vanish almost everywhere, or
• Nuh(f) $M
In [ACW16], the authors generalize Theorem 2.4 to arbitrary dimensional
manifolds.
Theorem 2.5. [BV05] There exists a residual set R ⊂ Diff1m(M) such that,
for each f ∈ R and m-almost every x ∈ M , the Oseledets’ splitting of f is
either trivial or dominated at x
For simplicity, let us sum all these statements in one:
Lemma 2.6. There exists R ⊂ Diff1m(M) a residual subset such that if
f ∈ R, either:
• all Lyapunov exponents of f vanish almost everywhere, or
• f is ergodic, the Oseledets splitting is globally dominated, and there
exists a hyperbolic periodic point qf such that
Phc(qf ) $ Nuh(f) $M
The unstable index of a periodic point p is the number of eigenvalues of
Dfper(p)(p) with absolute value larger than 1. We say that two hyperbolic
periodic points p, q ∈ PerH(f) are homoclinically related if
W s(o(p), f) tW u(o(q), f) 6= ∅ and W u(o(p), f) tW s(o(q), f) 6= ∅.
We will use the following result:
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Theorem 2.7. [AC12] There exists R ⊂ Diff1m(M) a residual subset such
that if f ∈ R, then any two periodic points p, q ∈ PerH(f) with the same
index are homoclinically related.
Let PHrm(M) be the set of C
r-partially hyperbolic diffeomorphisms of M
that preserve m. We will also need the following result.
Theorem 2.8. [ACW20] Stable ergodicity is C1-dense in PHrm(M) for any
r > 1.
3. Proof of Theorem B
Let f be a generic diffeomorphism in V, and let pf be the fixed point from
the definition of V. Our strategy will be to show that either f is partially
hyperbolic (hence f is C1-approximated by stably ergodic diffeomorphisms,
after Theorem 2.8), or there exists a neighborhood U of f such that for all
g ∈ U ∩Diff2m(M), the analytic continuation pg of pf satisfies
Phcg(pg) $M
whence f is also stably ergodic. This will prove Theorem B.
Since dimEuu = 1, Euu is uniformly expanding, hence, almost every point
has at least one positive Lyapunov exponent. Lemma 2.6 then implies that
there exists a hyperbolic periodic point qf such that
Phc(qf ) $M.
If the unstable index of qf is 2, then, since the Oseledets splitting is dom-
inated we would have a dominated splitting of the form TM = Ecu ⊕ Ess,
where Ess is one-dimensional. By Remark 2.1, the direction Ess is uni-
formly contracting. Since we already had that TM = Euu ⊕ Ecs, with
one-dimensional Euu in V, then we must have that there is a dominated
splitting of the form TM = Euu ⊕ Ec ⊕ Ess with one-dimensional subbun-
dles. Hence f is partially hyperbolic, and therefore, by Theorem 2.8, f is
C1-approximated by stably ergodic diffeomorphisms.
We may therefore assume that the unstable index of qf is one, and there-
fore, by Theorem 2.7 and the following lemma, we have that Phc(qf ) =
Phc(pf ):
Lemma 3.1. [HHTU11] If p and q are homoclinically related, then
Phc(p) = Phc(q)
Therefore, we have that Phc(pf ) $ M . Since f ∈ V is C1-generic, we
have the following:
Lemma 3.2. [AB12, Lemma 5.1] For every ε > 0 there exists a C1-
neighborhood U(f) of f such that for all C2 diffeomorphisms g in U(f):
m(Phcg(pg)) > 1− ε
where the hyperbolic periodic point pg is the analytic continuation of pf .
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The proof of Theorem B will be ended if we prove the following:
Proposition 3.3. Any C2-diffeomorphism g which is sufficiently C1-close
to f verifies Phc+(pg) $M.
It will be convenient to introduce the following notation:
Γ(g) = M \ Phc+(pg).
Let us call Γ(g) the bad set. In the following lemma we state some basic
properties of Γ(g).
Lemma 3.4. The set Γ(g) is compact, g-invariant, u-saturated. C1-generically
it does not contain periodic points of unstable index 1.
Proof of the lemma. Clearly, Γ(g) is g-invariant and u-saturated. By the
Stable Manifold Theorem we have if W uu(x, g) t W s(o(pg), g) 6= ∅ then
there exists an open neighborhood V of x in M such that for every y ∈
V we have W uu(y, g) t W s(o(p), g) 6= ∅. Hence, Phc+(pg) is an open
set. Therefore, Γ(g) is a compact set. By Theorem 2.7, C1-generically in
Diff1m(M), all periodic points of the same index are homoclinically related,
then C1-generically Γ(g) has no periodic points with unstable index equal
to the unstable index of pg. This completes the proof of the lemma. 
Lemma 3.5 ([NnRH20], Lemma 3.2). The function h 7→ Γ(h) is upper
semicontinuous, that is, if (hn)n∈N is a sequence converging to h in the C1-
topology then lim sup Γ(hn) ⊂ Γ(h). Equivalently, for every h ∈ V and every
ε > 0 there exists a C1-neighborhood U ⊂ Diff1m(M) such that if g ∈ U , then
Γ(g) ⊂ Bε(Γ(h)), where Bε(A) = {x ∈M : d(x,A) < ε}.
Lemma 3.6. There exists a neighborhood U of f such that for all g ∈ U , the
set Γ(g) is partially hyperbolic. That is, it admits a decomposition TM =
Euu ⊕ Ec ⊕ Ess .
Proof. From the definition of V, it follows that the open set Uf is contained
in Phc+(pf ). Therefore, Γ(f) ⊂ Λf the maximal invariant set of M \ Uf ,
which is partially hyperbolic. By continuity of partial hyperbolicity, there
exists ε > 0 and U1 such that every g-invariant set contained in Bε(Γ(f)),
with g ∈ U1 is partially hyperbolic. Since g 7→ Γ(g) is upper semicontinuous,
there exists a C1-neighborhood U ⊂ U1 such that Γ(g) ⊂ Bε(Γ(f)). This
proves the claim. 
Proof of Proposition 3.3. Suppose that the conclusion of Proposition 3.3
does not hold. Then, there exists a sequence of C2-diffeomorphisms (fn)n∈N
converging to f in the C1-topology such that m(Γ(fn)) > 0. For each
n ∈ N, the set Γ(fn) satisfies the following property: for any x ∈ Γ(fn) the
set W ss(x, fn)∪W uu(x, fn) is contained in Γ(fn). This follows from Lemma
6.1 in [Her12]. In particular, the set Γ(fn) is su-saturated for any n ∈ N.
Let Γ′ = lim sup Γ(fn), and observe that Γ′ is a non-empty compact set.
By Lemma 3.5, we have that Γ′ ⊂ Γ(f). Since the set Γ(fn) is fn-invariant,
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for each n ∈ N, it follows that Γ′ is f -invariant. Moreover, since each set
Γ(fn) is su-saturated, we conclude that Γ
′ is also su-saturated. Indeed, every
point x in Γ′ is the limit of a converging sequence of points xn ∈ Γ(fn). The
fn-stable and unstable manifolds of xn are contained in Γ(fn). Since these
stable and unstable manifolds are hyperbolic (Γ(fn) is partially hyperbolic),
they vary continuously with respect to the variable x and to the variable f ,
so their limits are the f -stable and unstable manifolds of x. Therefore the
f -stable and unstable manifolds of x are contained in Γ′.
From the results in chapter 6 of [Her12], there are two periodic points
q1, q2 ∈ Γ′ such that W ss(q1, f) ∩ W uu(q2, f) 6= ∅. However, this does
not happen generically. Since f is a C1-generic diffeomorphism, we get a
contradiction. Hence, for any C2-diffeomorphism g in a C1-neighborhood of
f we have that m(Γ(g)) = 0. 
Now we are ready to prove Theorem B.
Proof of Theorem B. Let f be a C1-generic diffeomorphism in V and let g be
a volume preserving C2-diffeomorphism which is C1-close to f . By Lemma
3.2, we have that m(Phc−(pg)) > 0. By Proposition 3.3, we obtain that
m(Phcu(pg)) = 1. By the criterion of ergodicity (Theorem 2.2) we conclude
that g is ergodic. 
4. Proof of Theorem A
Let f0 : M
3 → M3 be a volume preserving partially hyperbolic diffeo-
morphism in a closed Riemannian 3-manifold. Assume there exists a peri-
odic point p such that f0 is C
1-linearizable in a neighborhood of p. Call
F0 : R3 → R3 the linearization of f0 in a suitable neighborhood U of p.
Assume there exist µ, ρ, λ ∈ R so that F0 can be represented by a matrix
diag(µ, ρ, λ). We will start by asking that:
(1) p be fixed
(2) 0 < λ < ρ < 1 < µ
We will see later that we can always reduce the case to this situation. We
will consider a volume preserving C0-perturbation F1 of F0 supported in
U ⊂ ⋃x∈W sloc(p)W uuε (x) so that
(1) DF1(0, 0, 0) = diag(µ, µ
− 1
2 , µ−
1
2 ) and DF1(x, y, z) = F0 outside a
small ball Bε(0)
(2) a cone field of the form
Cuuγ = {v : ‖(pi2 + pi3)v‖ ≤ γ‖pi1v‖}
satisfies
(4.1) DF (x)Cuuγ ⊂ Cuuξ
for some 0 < ξ < γ
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y
z
X(y, z)
Figure 4.1. Step 1: the divergence-free vector field X(y, z)
It is easy to see that we can also choose γ′, ξ′, so that
DF−1(x)Ccsγ′ ⊂ Ccsξ′ ,
where Ccsγ = R3 \ Cuuγ . We will follow the construction of [Man˜78] and
[BV00], but in a volume preserving setting. For completeness, we include a
short explanation of how this is done.
Step 1. Let η =
√
µ
λ > 1. We will find a flow φt of a divergence-free vector
field X, so that Dφ1(0, 0) = diag(η
−1, η).
Consider a smooth function ψ : R→ R so that ψ′(0) = √log η and ψ(y) =
0 outside a small ball Bε(0). We can choose ψ so that ψ(y)ψ
′′(y) is arbitrar-
ily small. The field X(y, z) = (ψ(y)ψ′(z),−ψ′(y)ψ(z)) is divergence-free.
Let φt be the flow of X, that is
∂
∂tφt(y, z) = X(φt(y, z)). Then Dφt(x, y)
satisfies the initial value problem ∂∂tDφt(y, z) = DX(φt(y, z))Dφt(y, z) with
Dφ0(y, z) = id. In particular Dφt(0, 0) = exp(DX(0, 0)t) = diag(η
−t, ηt),
and therefore DH(0, 0) = Dφ1(0, 0) = diag(η
−1, η). Since X(y, z) = (0, 0)
outside a small ball Bε(0, 0), it is easy to see that φt(y, z) = (y, z) outside
Bε(0, 0).
Step 2. Now, let g : R3 → R2 be g(x, y, z) = φt(x)(ρy, λz), where t : R→ R
is a smooth function such that t(0) = 1 and t(x) = 0 outside a small Bε(0).
Then, the Jacobian of g with respect to yz satisfies:
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Jyz(g)(x, y, z) =
∣∣∣∣ g1y g1zg2y g2z
∣∣∣∣ = µ−1 in R3
and the derivatives satisfy |g∗| ≤ ρ for all ∗ = 1y, 1z, 2y, 2z and |g∗| ≤ K
for ∗ = 1x, 2x for some K > 0. Let a > 0 be such that aK < ε. If we
consider the map F1(x, y, z) = (µx, ag(x, a
−1y, a−1z)), then F1 is isotopic
to F0 (in fact, C
0 close) F1 preserves volume since, as it is easy to check,
Jyz(ga) = µ
−1, where ga(x, y, z) = ag(x, a−1y, a−1z). Moreover,
DF1(x, y, z) =
 µ 0 0ag1x g1y g1z
ag2x g2y g2z

g∗ is evaluated in (x, a−1y, a−1z) for all ∗ = 1x, 1y, 1z, 2x, 2y, 2z.
y
z
x
µ
ρλ y
z
x
µ
µ
1
2
µ
1
2
Figure 4.2. Step 2: changing the contracting eigenvalues
Step 3. Let us see that equation (4.1) holds. Let v′ = DF1(x)v, with
v ∈ Cuuγ , then
‖(pi2 + pi3)v′‖ ≤ ε|v1|+ ρ‖(pi2 + pi3)v‖ ≤ (ε+ ργ)|v1| < ηµ|v1|
if we choose ε+ργµ < η < γ.
Step 4. Finally, we can compose F1 with a small rotation α in the plane
yz, supported in U , obtaining a volume preserving F so that DF (0) is a
fixed point with an eigenvalue µ and two complex eigenvalues of modulus
1√
µ . Since the derivative of α can be made arbitrarily close to the identity,
we can see that DF (x) preserves cone fields, which we continue to call Cuu
and Ccs. This implies there is a global dominated splitting TM = Euu⊕Ecs.
Since Euu is one-dimensional, it is hyperbolic.
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µ
µ
1
2
µ
1
2
y
z
x
µ
Figure 4.3. Step 4: composing with a small rotation sup-
ported in U
Call f the diffeomorphism on M obtained in this way, that is, so that its
linearization in a neighborhood of the fixed point p is F . Because of the
form of our construction,
(4.2) Uf ⊂
⋃
x∈W sloc(p)
W uuε (x, f);
Also by construction, f is partially hyperbolic on M \ U , therefore Λf ,
the maximal invariant of M \ Uf , is a partially hyperbolic set. By Theo-
rem B, there exist stably ergodic diffeomorphisms arbitrarily C1-close to f
which are not partially hyperbolic. Observe that by our construction such
diffeomorphisms are isotopic to f0.
Step 5. If p were a periodic point of period n instead of a fixed point, we
could proceed as follows. By applying the same construction for fn0 instead
of f0, we obtain a diffeomorphism fn which coincides with f
n
0 outside a small
ball Bε(p) and that verifies the same properties that we obtained for f .
Consider h = fn ◦f−n0 . This diffeomorphism is the identity outside Bε(p).
We may suppose that ε is small enough such that for each i, j ∈ {0, · · · , n−1}
with i 6= j then f i0(Bε(p)) ∩ f j0 (Bε(p)) = ∅.
Let f = h ◦ f0. Observe that for any q ∈ Bε(p) and for j = 0, · · · , n − 2
we have that h ◦ f0(f j0 (q)) = f j+10 (q). Hence,
fn(p) = (h ◦ f0)n (p) = (h ◦ f0) ◦ fn−10 (p) = fn ◦ f−n0 ◦ fn0 (p) = fn(p).
This solves the case where p is a periodic point.
Step 6. To finish the proof we have to show that we can always find a
periodic point p of period n and stable index 2 such that the eigenvalues
of Dfn(p) are all positive. To obtain a periodic point of stable index 2,
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it is enough to remember that in the isotopy class of any partially hyper-
bolic diffeomorphism of a 3-dimensional manifold, there exists a partially
hyperbolic diffeomorphism with periodic points of different indices [Man˜78].
After a small perturbation, we may assume that there is a transverse ho-
moclinic point associated to this periodic point. Smale’s theorem [Sma65]
then implies the presence of a horseshoe, therefore of periodic orbits with
any arbitrary code. In each “block” of the horseshoe, a combination of the
orientations of the axes is either preserved or reversed. Choosing a suitable
itinerary we can obtain periodic points p of period n such Dfn(p) preserves
the orientation of all axes, hence all eigenvalues of Dfn(p) are positive.
5. New examples and final remarks
In this section we will mention a few new classes of examples of sta-
bly ergodic diffeomorphism on 3-dimensional manifolds. Before that, let us
explain the examples that were already known which were considered by
[Tah04].
Let A ∈ SL(3,Z) be a hyperbolic matrix with eigenvalues 0 < λss <
λws < 1 < λuu, and with eigendirections E∗A, for ∗ = ss, ws, uu respectively,
and let fA be the Anosov diffeomorphism induced by A on T3. The con-
struction then is done by fixing a small ball B ⊂ T3 around a fixed point
p ∈ T3, and making a deformation supported in B such that one obtains a
diffeomorphism f with the following properties: f has a dominated splitting
of the form TT3 = Euuf ⊕ Ecsf such that the direction Ecsf is contained in a
small cone around the direction EwsA ⊕ EssA , and the direction Euuf is con-
tained in a small cone around the direction EuuA ; f coincides with A outside
B; the direction Ecsf does not admit any further dominated decomposition.
The diffeomorphism f constructed above has the feature that the direction
Ecsf (x) contracts uniformly for any point x ∈ T3/B. This is feature is crucial
to prove, using a combinatorial argument, that if B is sufficiently small then
f verifies the following: there exists c > 0 such that Lebesgue almost every
x verifies
(5.1) lim sup
n→+∞
1
n
n−1∑
j=0
log ‖Df(f j(x))|Ecsf ‖ < −c.
Condition (5.1) is sometimes called mostly contracting, and it is crucial in
Tahzibi’s proof of stable ergodicity of f . The known examples of stably
ergodic systems that are not partially hyperbolic have this property that the
direction Ecsf contracts uniformly outside some fixed region in the manifold.
Let us see some new examples for which Tahzibi’s strategy does not apply.
Isotopic to Anosov×Identity. Let g : T2 → T2 be a volume preserving
Anosov diffeomorphism, and let Id : S1 → S1 be the identity. Consider the
volume preserving diffemorphism on h = g×Id and let p be a fixed point for
h. By the construction done in the proof of Theorem A, there exists a stably
ergodic diffeomorphism f isotopic to h, such that f preserves a dominated
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splitting TT3 = Euu⊕Ecs and such that f |T3/Bε(p) is C1-close to h|T3/Bε(p),
for some ε > 0 small.
Isotopic to the time-one map of the geodesic flow. Let (S, g) be a
compact riemannian manifold with a metric g of constant negative curvature.
Up to re-scaling g, we may suppose that g admits a closed geodesic of length
1. Let T 1S be the unit tangent bundle of S and gt : T
1S → T 1S be
the geodesic flow defined by g. Consider the diffeomorphism h = g1 and
observe that h is partially hyperbolic with a dominated splitting TT 1S =
Euu ⊕ Ec ⊕ Ess. Also observe that h is isotopic to the identity. Since we
assumed that there is a closed geodesic of length 1, we have that there exists
a point p ∈ T 1S which is a fixed point for h.
Arguing in the same way as before, there exists a stably ergodic diffeo-
morphism f which is isotopic to h (in particular, isotopic to the identity),
and such that f is not partially hyperbolic but admits a dominated splitting
of the form TT 1S = Euu ⊕ Ecs.
Isotopic to anomalous partially hyperbolic diffeormorphisms. New
examples can be obtained in even stranger manifolds by suitably perturbing
the examples obtained by Bonatti, Gogolev and Potrie in [BGP16]. These
examples are in 3-manifolds with fundamental groups of exponential growth,
and they are not in the isotopy class of the identity. Bonatti, Gogolev,
Hammerlindl and Potrie in [BGHP17] proved even more general examples
of this kind that are not dynamically coherent.
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